Abstract: A mathematical model of dissociative adsorption and associative desorption for diatomic molecules is generalized.
Introduction
According to Langmuir [6] a unimolecular heterogeneous catalytic reaction can be modeled by the reaction of the Michaelis-Menten type
− → B
where κ and κ 1 are adsorption and desorption rate constants, κ 2 is a conversion (reaction) rate constant of the adsorbate AK into the product B. This reaction takes place in two stages. Molecules of reactant A, which are near the catalyst surface, are adsorbed and the unstable compound (the adsorbate) is formed. A part of adsorbed molecules can be desorbed and it diffuses back into the volume and the other part becomes a product during the next stage which is desorbed from the surface and diffuses into the volume as well. During this process, the adsorbate can diffuse along the catalyst surface. When the adsorbate diffusion is not taken into account, reactant diffuses to the surface from a bounded domain and product desorption is fast or slow, the existence and uniqueness theorems of classical solutions are proved in [1, 2] , respectively. Problems considered in [1, 2] are also solved numerically in [9] . The case where the reactant diffuses in an unbounded domain, the adsorbent is planar, cylindrical or spherical, the adsorbate cannot diffuse along the catalyst surface and desorption of the product is instantaneous, is considered in [4] . The authors of this paper reduce the problem into a nonlinear Volterra-type integral equation, which they solve numerically.
In [10] , unimolecular surface reactions where the surface diffusion of the adsorbate and product (before its slow desorption) is taken into account, are examined numerically. In [7] , a model of dissociative adsorption and associative desorption for a diatomic reactant is presented. This process is modeled by the formula
where κ and κ 1 are adsorption and desorption rate constants. According to this scheme, a diatomic molecule of the reactant A 2 interacts with two active sites of the catalyst K forming the adsorbate 2AK , which during desorption releases two active sites.
Suppose the reactant occupies a bounded domain Ω ⊂ R , ≥ 3, = ( ) is the concentration of reactant at the point ∈ Ω at time , S = ∂Ω is the − 1 dimensional surface, S 2 is a closed part of the surface S of the same dimension (surface of the adsorbent), S 1 = S \ S 2 . Let ρ = ρ( ) be the concentration of active sites of S at ∈ S, ρ ∈ C (S), ρ( ) ≥ 0 for ∈ S, ρ( ) = 0 for ∈ S 1 . Suppose ρθ = ρ( )θ( ) is the concentration of active sites of a surface occupied by the adsorbate (then ρ( )(1 − θ( )) is the concentration of free active sites of S) at the point ∈ S 2 at time . Following [7] , from (1) and the law of mass action, we have the Cauchy problem for the function θ,
where
The diffusion of reactant A 2 can be described by the problem
, ∂ /∂ is the outward normal derivative to S, 0 = 0 ( ) is the initial concentration of reactant at ∈ Ω.
Hence, a mathematical model of dissociative adsorption and associative desorption of diatomic molecules is the coupled system (2)-(3). In this paper we consider a generalized model of dissociative adsorption and associative desorption which we get from the problem (2)-(3) taking instead of adsorption and desorption terms κρ
We prove the existence and uniqueness of the classical solution to this problem.
The paper is organized as follows: in Section 2 we describe the model and formulate main results, in Section 3 we give a priori estimates, Sections 4 and 5 are devoted to the uniqueness and existence of the classical solution to problem (4)-(5).
Statement of the problem and main results
We are considering the problem
where ρ and are known functions. In the case where
problem (4)- (5) is identic to (2)-(3). In the other case, where
we get the same unimolecular heterogeneous reaction mathematical model as in [1] .
Assumption 2.1.
0 is a continuous, nonnegative function in a closed domain Ω and is continuously differentiable in any neighborhood of the surface S,
Assumption 2.2.
Suppose that 2 , ∈ (0 1), 3. = ( ) is a continuous, nonnegative function such that ( ) ≤ 1 for all ∈ S 2 , 4. for any fixed value ∈ S 2 , the following expression is a nondecreasing function of ∈ (0 1):
The goal of the present paper is to prove the following result. 
Theorem 2.4.

Under Assumptions 2.1 and 2.2, problem (4)-(5) has a unique classical solution.
A priori estimates
Proof. Fix ∈ S 2 and define a sequence of functions {θ } ∞ =1 , θ = θ ( ), by a recursive formula
Solving this linear equation with respect to θ and 1 − θ we get formulas
From these formulas and conditions of the lemma, we get inequalities
Therefore, the sequence {θ } ∞ =1 is uniformly bounded. Moreover, it is equicontinuous. Indeed, the function θ is the solution to the integral equation
Hence, we can select a uniformly convergent subsequence. Since the conditions of the uniqueness theorem are satisfied, the sequence itself converges uniformly. Let θ be the limit of this sequence. Then it is the solution to the integral equation
Herewith it is also the solution to the Cauchy problem (4). Moreover, θ(
Analogically, we get that the function 1 − θ is a solution of the integral equation
The proof is complete.
Corollary 3.2.
Let the conditions of Lemma 3.1 be satisfied. Then integrating equation (4) with respect to θ and 1 − θ, we get the inequalities 
Proof. 
If * ∈ (0 T ), then in the last estimate we have the equality sign. Herewith the following inequality is true:
The lemma is proved.
Lemma 3.4.
Let θ ∈ C (S
2 . Moreover, let functions 0 ∈ C (Ω) and ρ ∈ C (S 2 ) be nonnegative and be a classical solution to problem (5) . Then
for all ∈ Ω, ∈ [0 T ]. 
Proof. Let be a classical solution to (5). Then
According to the positivity lemma, ( ) ≥ 0 for all ∈ Ω, ∈ [0 T ]. Thus ( ) ≤ A and Lemma 3.4 is proved.
Remark 3.5.
In [1] , an analogous proposition was proved using a different technique.
Uniqueness of classical solution
In [2] , uniqueness of the classical solution is proved in the case when ( ) = κ,
. The proof of the classical solution uniqueness to problem (4)- (5) is analogous. However, technically it is more complicated. Therefore, the proof is presented here. Let = ( ) and θ = θ( ) be a classical solution to (4)-(5). We multiply equation (5) by a smooth function η and integrate the result over the cylinder Q τ = Ω × (0 τ), τ ∈ (0 T ], getting an identity which, by using the formula of integration by parts and taking into account the boundary condition of problem (5), can be written as follows:
Integrating equation (4) from 0 to , we get the integral equation
Let θ, and θ, be two classical solutions to (4)-(5). For pairs θ, and θ, the integral identity (8) is true, i.e.
Qτ η +
Subtracting the last two equalities and setting η = , we get
where functions and are Lipschitz continuous with respect to the second argument. Therefore, we get the inequality
Functions θ and θ are solutions to the integral equation (9) . Hence,
We apply Gronwall's lemma getting
Herewith,
For every ε > 0, the inequality and applying inequality (11), we get
Hence, ( ) ≡ 0 and = . Now estimate (10) shows that θ( ) ≡ 0 and θ = θ. Therefore, problem (4)- (5) cannot have two different classical solutions.
Existence of classical solution
Our proof of the classical solution existence is based on heat potential theory and a priori estimates of the solutions. The part based on heat potential theory is omitted (because it is analogous to that in [1, 2] ).
Let Ω 0 = Ω, if 0 = 0 in any neighborhood of surface S, and Ω 0 ⊃ Ω, if 0 is continuously differentiable in any neighborhood of the surface S. In the latter case, we extend the function 0 on Ω 0 \ Ω preserving the same smoothness. 
is a fundamental solution to heat transfer equation (3) and is the solution to the integral equation
This equation is the Volterra integral equation with weak singularity. It has [3] a bounded and continuous solution
Besides, similarly as in [1] , it can be proved that the constant M is independent of θ such that 0 ≤ θ( ) < 1 for all ∈ S 2 , ∈ [0 T ]. Let 1 defined by (12) and 1 be solutions to (5) and integral equation (13) with θ = θ 0 . Then by Lemma 3.4 (estimate (7)),
Let θ 1 be the solution to the Cauchy problem (4) with = 1 . Then by (6),
≤ Let 2 defined by (12) and 2 be solutions to problem (5) and integral equation (13) with θ = θ 1 . Then by Lemma 3.4 (estimate (7)),
Let θ 2 be the solution to the Cauchy problem (4) with = 2 . Then by (6),
. These sequences are uniformly bounded, i.e.
are equicontinuous. Indeed, the potential of a simple layer, see, for example, [3, 5] 
Hence, According to the Arzelà-Ascoli theorem, we get three subsequences which converge uniformly. Since problem (4)- (5) and integral equation (13) Therefore θ is uniformly differentiable with respect to variable and is the solution to the Cauchy problem (4). Hence, (4)-(5) has a unique classical solution.
